Abstract Let 1 < q < 2. In this paper, we construct a Jordan domain G q ⊂ R 2 such that G q ∈ Ext p if and only if 1 ≤ p < q and R 2 \ G q ∈ Ext s if and only if q/(q − 1) < s ≤ ∞.
Introduction
Let D be a domain in For p > 1, one could in fact require above that Ext is linear; see [1, Theorem 5] . In [5] , Maz'ya constructed a planar Jordan domain D such that D ∈ Ext p for all 1 ≤ p < 2 but D / ∈ Ext p for any 2 ≤ p ≤ ∞. Furthermore the complementary domain R 2 \ D of D satisfies R 2 \ D ∈ Ext s exactly when 2 < s ≤ ∞. This shows that the possibility of W 1,p (D)-extensions depends not only on the structure of the domain D but also on the exponent p. Motivated by this, for each 1 < q < 2, Romanov [10] further constructed a planar domain G q such that G q ∈ Ext p if and only if 1 ≤ p < q. In this paper, we establish the following results by generalizing the above two constructions in [5, 10] . Our construction is an improvement on the one by Romanov [10] and it partially relies on his approach. We should point out that the boundary of G q of Romanov [10] contains a curve generated by a certain Cantor set. In order to deal with the complementary domain, we actually simplify the construction from [10] and apply a certain sufficient condition for extendability from [8] .
Finally, we state some conventions. Throughout the whole paper, we denote by C a positive constant which is independent of the main parameters, but which may vary from line to line. 
2 Proof of Theorem 1.1 Theorem 1.1 follows from Lemmas 2.5, 2.7, 2.10 and 2.11 below. We begin with the construction of the domain G q , which is inspired by [10] and [5] .
Construction of the domain G q . Assume 1 < q < 2. Throughout the whole paper, let a ≡ 2 1/(q−2) and b ≡ 1 − 2a. Then 0 < a < 1/2 and 0 < b < 1. Denote by I the interval
First we generate a sequence of subintervals, Obviously, I has the following properties:
Then we translate and dilate these intervals in I by setting
m ∈ I. Then we write
Obviously from (i) and (ii), it is easy to see that
where and in what follows, for any set E ⊂ R 2 and
We also denote by T 
Then we obtain a Lipschitz curve Γ joining (0, 0) and (1, 0) . By abuse of notation, we always write
The following figure shows the curve Γ 0 ∪ Γ 1 , when a = 1/4. 
Similarly to Lemma 3 of [10] , we have the following conclusion.
Lemma 2.3. There exists a positive constant C and a sequence of functions, {v
which completes the proof of Lemma 2.3.
be disjoint continua connecting the vertical sides of R h, d . The following result has been proved in [10, Lemma 4] .
Proof. Assume that G q ∈ Ext p . Notice that quasi-isometry keeps the space W 1, p (R 2 ) invariant under the change of the variable. By this and Lemma 2.3, there exists a sequence of functions, 
This is a contradiction, which completes the proof of Lemma 2.5.
Proof. If r ≥ a/2, then for all x ∈ R 2 , then by 2a 2−sp < 1, we have
Similarly, it is easy to see that
If r < a/2 and w(y) = 0 for all y ∈ B(x, r), then |y| ≤ 1 and |x| < 1 + r. For 1 ≤ |x| < 1 + r, observing that w(y) 1 for all y ∈ B(x, r), we then have (2.3). Assume now that a n+1 ≤ |x| < a n for certain n ∈ N ∪ {0}. If r ≥ (1 − a) 
This finishes the proof of Lemma 2.6.
Proof. Notice that quasi-isometries keep the space W 1, p (R 2 ) invariant under the change of the variable. By this and the symmetry of G q with respect to x 1 -axis, we only need to prove that for any
Since the boundary of R \ T is Lipschitz, there exists a bounded extension operator Ext : 
Since 2a 2−p < 1, we can find 1 < s < 2/p such that 2a 2−sp < 1. By Lemma 2.6, we know that w satisfies (2.3). Then, by Lemma 2.1, we have that
. This finishes the proof of Lemma 2.7.
So far, for 1 < q < 2, we have already proved that G q ∈ Ext p if and only if 1 ≤ p < q. To prove the extendability properties for the domain R 2 \ G q , we need the following two auxiliary conclusions.
Lemma 2.8. The mapping ϕ from {x ∈ R 2 : 0 ≤ x 1 ≤ a} to itself given by ϕ( 
where C is a positive constant independent of x and y; see [4] . 
Proof. By Theorem 6. (a m , 0), N a 2m ) . Thus the pair of points (a m+1 , 0) and (a m−1 , 0), which lie in R 2 \ G q but not in B((a m , 0), (1 − a)a m+1 ) , cannot be joined in (R 2 \ G q ) \ B((a m , 0) , N a 2m ) and thus not in (R 2 \ G q ) \ B((a m , 0), (1 − a)a m+1 /c) . This implies that R 2 \ G q does not have the property LLC(2) and thus
Now we turn to prove the above claim that R 2 \ G q ∈ Ext 1 implies that G q is a quasiconvex domain. To this end, we first observe that for any 1
In fact, let η be a smooth function such that 0 ≤ η(x) ≤ 1 and |∇η(x)| ≤ 4 for all x ∈ R 2 , and η(x) = 0 for x 1 ≤ −1 and
.
Since S is a uniform domain, u(1 − η) can be extended to the entire (1 − η) ) + Ext (uη) coincides with u on E −1 , which implies E −1 ∈ Ext p . Then an argument similar to but easier than the above shows that E −1 ∩ B(0, 10) ∈ Ext p . Observe that E −1 ∩ B(0, 10) is a bounded, simply connected W 1, 1 -extension domain. Applying [9, Corollary 1.2], we know that the complement domain of E −1 ∩ B(0, 10) is quasiconvex, which further implies that (E −1 ) , and thus G q , is a quasiconvex domain. This proves the above claim.
For 2 < p ≤ q/(q − 1), since R 2 \ G q ∈ Ext p implies E −1 ∈ Ext p as above, to prove Lemma 2.10, by Lemma 2.9, it suffices to prove that E −1 is not a Lip α -extension domain for any 0 < α ≤ 2 − q.
To see this, choose N ∈ N, and x = (a m , 0) and y = (a m−1 , 0). Then for any γ(x, y) ⊂ E −1 , take γ to be the component of z 2 ) ∈ γ}, and without loss of generality, we may assume that z 2 ≥ 0 for all (z 1 , z 2 ) ∈ γ. Moreover, for all z ∈ γ, by Lemma 2.8,
where (z 1 , Γ(z 1 )) ∈ Γ. Since 2a α ≥ 2a 2−q = 1, we have
which implies that E −1 is not a Lip α -extension domain. This finishes the proof of Lemma 2.10.
Proof. By Lemma 2.9, it suffices to prove that
Then G q ∪E m is a Jordan domain with Lipschitz boundary since Γ(z 1 ) is Lipschitz function.
. Then the proof of Lemma 2.11 is reduced to proving that for any x, y ∈ E 1 , there exists a curve γ(x, y) ⊂ E 1 such that (2.5)
Assuming that (2.5) holds for the moment, we now establish Lemma 2.11. Since dist (z, ϕ(Γ) ∪ ϕ − (Γ)) = dist (z, ∂G q ) for all z ∈ E 1 , then for any x, y ∈ E 1 , there exists a curve γ(x, y) ⊂ E 1 such that (2.6)
Obviously, R 2 \ G q ∪ E 2 is a uniform domain and thus Lip α -extension domain for all 0 < α ≤ 1; see [4] . Thus for any
Then there exist curves γ 1 (x, w) ⊂ E 0 and γ 2 (w, Obviously, f (x, y) ≥ 1 whenever defined. Moreover, f is continuous on the bounded closed set
which implies f is bounded on this set and thus (2.7) holds for (x, y) in this set. Finally, if x ∈ E 1 , y ∈ E 0 \ E 1 and |x − y| < a 4 /4, then it is easy to see that (2.7) holds. Thus, so far, we proved that the claim (2.7) is true, and therefore, except (2.5), we have finished this proof of Lemma 2.11. Now we turn to proving the above claim (2.
Observe that the union of ϕ(D) and ϕ − (D), the reflection of ϕ(D) with respect to x 1 -axis, is just the set E 1 . Then the claim (2.5) is reduced to proving that for any x, y ∈ D \ Γ, there exists a curve γ(x, y) ⊂ D such that (2.8)
In fact, assume that (2. 
